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Abstract-This’paper treats laminar boundary-layer flows of a dissociated gas past catalytic surfaces, 
particular attention being paid to situations where the surface reaction rates vary as powers of the 
streamwise coordinate and the reaction orders are different from unity. The gas in the boundary layer is 
represented by a chemically frozen binary mixture of atoms and molecules, and the usual simplifying 
assumptions applicable to hypersonic boundary-layer flows are used. Approximate integrals of the diffu- 
sion equation are obtained analytically with the aid of the asymptotic method. Herein this method is 
shown to compare very favorably with others, both with respect to simplicity of application and accuracy 
of results. In contrast to other approaches, it lends a definite unity of approach, little added diNilty being 
encountered in treating other than first order reactions or in obtaining boundavlayer profiles. Surface 
distribution9 of atoms and heat transfer are exhibited graphically and compared with published theoretical 
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NOMENCLATURE SC, Schmidt number ; 
specific heat ; T, temperature ; 
diffusion coefficient ; 4 u, velocity components along surface ; 
dimensionless velocity functions ; 4 v, velocity components normal to sur- 
enthalpy ; face ; 
dimensionless enthalpies ; 
dimensionless product of density (p) >, 

atom concentration ; 
atom concentration ratio W/W,; 

and viscosity (p) ; coordinate along surface ; 
a characteristic length ; >, dimensionless coordinate along sur- 
Lewis number ; face ; 
specific reaction rate ; Y, coordinate normal to surface. 
pressure ; 
Prandtl number ; Greek symbols 
radius of a body of revolution ; 
dimensionless coordinate along sur- 

face, equation (6) ; 
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parameter related to geomefry ; 
Damkohler numbers, equations ( 17) 
and (35) ; 
dimensionless coordinates normal to 
surface, equations (6) and (11) ; 
thermal conductivity of the mixture ; 
dynamic viscosity ; 
dimensionless coordinate along sur- 
face, equation (11) ; 
density ; 
stream function, equation (7). 

boundary-layer edge ; 
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frozen ; 
ith component ; 
total frozen ; 
arbitrary reference condition ; 
wall ; 
conditions upstream of the body. 

Superscripts 
N, reaction order. 

1. INTRODUCTION 

THE GAS in tne boundary layer enveloping a 
vehicle moving at hypersonic speed is generally 
dissociated and, to a good approximation, may 
often be taken as a binary mixture of atoms and 
molecules. As is well known, the determination 
of the boundary-layer structure is nonetheless 
still complicated through the mutual interaction 
of flow and chemistry. Now, in certain flight 
regimes of practical interest, the homogeneous 
chemical reactions within the gas phase proceed 
quite slowly in comparison to the hetero- 
geneous reactionsat the surface, in fact, slowly 
enough so that the former may be neglected 
altogether. The actual conditions in the gas 
phase may then be represented by the so-called 
frozen flow, the composition in the boundary 
layer, apart from the influence of the wall, 
being controlled by diffusion alone. Chemical 
activity is confined solely to the gas-solid 
interface and obviously plays a controlling role 
in determining surface composition and energy 
transfer to the vehicle. An important case 
arises whenever the surface remains structurally 
intact and acts as a catalyst, promoting thereby 
the recombination of atoms diffusing from the 
outer portion of the boundary layer inwards. 
The reactions proceed generally at a finite 
rate, the entire process being out of chemical 
equilibrium. The catalyticity of the surface is 
considered to be a prescribed function of x- 
the coordinate parallel to the surface. 

The problems just mentioned have received 
considerable attention. The first related papers 
on the subject, not restricting the hydro- 
dynamic aspects too severely, are apparently 

due to Chambre [I], Chambrt and Acrivos [2] 
and Acrivos and Chambre [3]. The first work 
lays a general basis for the formulation of 
problems involving chemical reactions on solid 
surfaces for a variefy of internal and external 
flows of the boundary-layer type. Formal 
solutions describing the (nonsimilar) concentra- 
tion and temperature fields, say w and T, 
are based on the Volterra equation equivalent 
to the original linear partial differential equations 
for w and T. The latter two papers, [2, 31 deal 
with further numerical examples employing 
power series solutions in the streamwise co- 
ordinate and approximate solutions based on 
the Volterra equation; therein, the reactions 
are taken as isothermal, for the most part of 
first order, and the catalyticity is considered 
constant. In L-2, 31, the procedure yielding the 
power series solutions for the concentration 
held is the same as that of Chapman and 
Rubesin [4] who treated convective heat trans- 
fer to nonisothermal surfaces.* In fact, the 
problems are to all practical purposes mathe- 
matically identical. A similar remark holds 
for the approximate results, these being deduced 
similarly to those given by Lighthill [SJ. The 
work described by Chambre and Acrivos in 
[2] has recently been extended by Inger [6] 
who solved the same problem for flat plate 
and supersonic wedge flows when the catalyticity 
is a power law function of the streamwise 
coordinate. His series solutions of the diffusion 
equation (requiring up to fifteen terms) were 
compared with those of Chung and Anderson 
[7, 81 based on the von Karman-Pohlhausen 
method, those of Chung, Liu and Mirels [9] 
using what Inger calls the Lighthill-Volterra 
approach, and a local similarity approximation. 

* We emphasize that the basic problem in [2, 33, as well 
as in the other quoted references dealing with flows past 
catalytic surfaces, amounts to the solution of the diffusion 
equation. The momentum and energy equations, uncoupled 
from the latter and appropriately simplified and trans- 
formed, are of the same form as those for nonreacting low 
speed flows of the similarity class. The concentration field 
is, with the exception of the stagnation point flow, non- 
similar. 
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The first two agreed very well with the series 
solutions, but the last was found to be relatively 
poor, particularly for the more rapid variations 
of catalyticity with the streamwise coordinate. 
All of the results were obtained for first order 
reactions. This includes the examples in [9] 
and its later version [lo] dealing with jump 
d~nt~uities in surface catalyticity. The in- 
fluence of reaction order other than unity was 
investigated by Rosner [I l] for flat plate 
flows. Assuming constant catalyticity, he solved 
the problem by an iterative technique based 
on the von K&man-Poblhausen integral 
method. A more complete bibliography is 
given in Chung’s article f123. 

One aim of this paper is to present a number 
of new results on flows past catalytic surfaces, 
focusing particular attention on situations where 
the catalytic efkiency is not constant and the 
reaction order is different from unity. This 
has bearing on various practical problems, for 
example, the construction of catalytic gauges. 
What is equally important, the paper presents 
applications of a rather powerful analytical 
method of integration of the bounda~layer 
equations that is well deserving of further tests. 
For the particular class of problems treated 
herein, tne method lends a definite unity of 
approach; in contrast to other approaches, 
there is little added dificulty in treating reaction 
orders other than unity or in obtaining bound- 
ary-layer profiles. Moreover, the procedure used 
herein appears to compare very favorably with 
other approximate methods, both with respect 
to simplicity of application and accuracy of 
resu1ts.* 

* We are indebted to a reviewer for bringing to our 
attention a recent paper by Fox and Libby dealing with 
the effects of surface catalysis on laminar boundary layers 
[13f. The paper presents applications of an approximatf 
method, developed by its authors earlier [ 14, lS], for solvix~ 
certain laminar ~~~-ia~r equations. Essentially, the 
method is a perturbation theory of known similar flows. 
While perhaps preferable from the mathematical point of 
view, it is considerably more complicated than the asymptotic 
method and yields, when applied to some of the problems 
discussed herein, less accurate results than ours. 

2. BOUNDARY-LAYER EQUATIONS AND 
ASSOCIATED BOUNDARY VALUE PROBLEMS 

The principles expressing respectively con- 
servation of total mass, momentum, energy, and 
mass of the individual species for laminar 
boundary-layer flows of a chemically frozen 
binary mixture may be written as follows : 

(11 

a u* 
+ (Pr - l)- - 

0 8Y 2 

2 

-I- 

c 

(Let y l)h, 8T 
II 

, (3) 
i=l 

Herein i = 1, 2 refer respectively to atoms and 
molecules. S&X w1 + w2 = 1, where Wi s pJp, 
only one diffusion equation is needed. Hereafter 
we shall write w , E w. The set (1-4) covers 
both two-dimensional flows (E = 0) and flows 
past bodies of revolution (E = l), the local 
radius from the axis of symmetry to the generat- 
ing curve being r(x). Tbe coardinate system 
(x, y) is body-oriented and orthogonal ; the 
corresponding velocity components are ZJ and 
o, p stands for the pressure, D is the binary 
diffusion coefficient and p, p, have their standard 
meaning. The energy equation (3) is written in 
the “total form”, that is, the total frozen 
enthalpy 

h t/ 
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is taken as the dependent variable. 

Lej = P-pli PDF 
2 1 

f: 
,WiCP‘ 

i=l 

stands for the ith Lewis number and Pr = pcpl2 

is the Prandtl number where I is the conductivity 
of the mixture. In all of the subsequent work 
Pr, Leei and the Schmidt number SC = ~~~~ 
are specified constants. 

We shall be concerned with a particular class 
of solutions of (l-4), subject to the following : 

fb(x, 0) = v(x, 0) = 0, Gal 

h,,(x, 0) = htfw = const,* (5b) 

p%y 
2 w(x, 0) = k&,wJN; (5c9 

lim r&y) = U, (5d) 
S-+4\ 

hm IzJx, y9 = /I,,_ = const, 
J - 00 

(5e9 

lim iv(x, y) = w, = const. (5fI 
V-m 

Herein, the subscripts w, e refer respectively to 
the wall and “edge” of the boundary layer. 
The third condition, (5c), where on the right 
hand side the small term 

has been neglected, expresses the surface balance 
between diffusion of atoms and their recombina- 
tion ; k, is the specific reaction rate (a function 

* This boundary condition is physically realistic and 
implim under a very miid simplifying assumption, constant 
surface temperature. we have : 

h rr, = $, vwh,_ = k,w i- wJb_ - k.,.J = k,_ 

+ w, 7 ic,.* - c,_)dT c k,,_ + c,_Ty 

where m and u refer respectively to molecules and atoms. 
Now, obviously, ifc, = cP_ = const. the last two statements 
follow as strict equatrties. But, even when cpI # cA and 
both depend on temperature, tbe term w,(h,,_ - k_,J is 
on the order of 4-10 per cent of k,,_ for-most practical 
flows of dissociated air [ 16, 171 and hence may be neglected 
irrespective of the variation of IV_ 

of x, or constant) specifying the catalyticity of 
the wall, N denotes the order of reaction and 
M is a specified index. The other conditions are 
seif-exphinatory. 

The set (l-4) is restated in terms of new 
independent variables 

P X 

? S = A~L.U&W (6) 
0 0 

and new dependent variables 

the last being related to the stream function F 
through ‘P = (V)*f(y, S). As usual Y’ is such that 

ay7 
ptif = -, ay 

ayI 
pvf = - y&. (7) 

Standard procedure yields the set corresponding 
to W), 

f us,.& - f,SH), (8) 

(IR& + PrfEl, = - 
I 

2 [(Pr - 1) !&3& 
. 

+ ~wpf - 3JQ, (9) 

(IQ@ + scgT$ = 2ssc(f,W, -3,fTg (10) 
where 1 = p~/p=~~ SC = p/pD and the sub- 
scripts G, S denote partial derivatives 

Assuming now that I = const. and Pr = 

Le, = 1, equations (8-10) may be simplified 
further by introducing new independent variables 
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and new dependent variables 

f(v) = ~-*_wh WI) 7 wi), 
W% 0 = WC,, iI.* 

The resultant set is 

d3f d2f 
7+f7=0, 
dtl dtt 

d2H 

w 
+P,lS=O, 

drl 

df w, + Scf w, = zssc-& w,, 

subject to conditions corresponding 
namely : 

df(") - () 
dtl ' 

f(O) = 0, 
H(0) = H, = const , 

wqco, 0 = cmwo~ 5)lN - 

lim dfo 5 1, 
9-m dtt 

lim H(q) = 1, 
Il-m 

lim W(q, <) = 1 
q-00 

(12) 

(13) 

(14) 

(15) 

to (5), 

(I6a) 

(16b) 

(16c) 

(16d) 

(16e) 

(160 

(16g) 

is the well known Damkohler 
number--a convenient measure of the state 
of chemical nonequilibrium at the surface. 
Herein it takes the form 

The Damkohler number may be interpreted as 
a ratio of characteristic surface reaction rate 

* The procedure is essentially that of Lees [lS], adopted 
thereafter by many other authors. The reader may care to 
note that once I = conw. the boundary conditions (5) (see 
also footnote on p. 966.) immediately admit similarity 
representations for the momentum and energy equations. 

and surface diffusion rate (see, for example [ 121, 
p. 143). 

3. ME’XHOD OF SOLUTION 

We shall deal with the integration of (15) 
subject to the conditions (16d) and (16g) for 
high speed flows past plates and wedges. In 
this section we focus our attention on the 
method of solution establishing several results 
valid for various orders of reactions, N. Sub- 
sequently, we present examples, first for first 
order reactions and then for reaction orders 
other than unity. 

Equation (15) may obviously be written as 

w, + ScfWq = W,tl)- (18) 
A formal integral of (18) is of the form 

W, = eescF @((5, q) (19) 

where 

and G({, q) is a “slowly” varying function [ 191.t 
The latter is implied by the structure of the 
boundary-layer equation, in particular by its 
known asymptotic behavior with restit to q. 
Clearly, 

W(L rl) = i eeScF @(5, tl’) dq’ + K. (20) 

In the last equation, W, E W(& 0) stands for 
the surface concentration ratio of atoms. The 
latter is evaluated from the associated improper 
integral 

1 e-scF @K rt) drl 

and the conditions at infinity, namely : 

w, = 1 - $ eeScF Q((5, tl) dtl. (21) 

7 It may be worthwhile to note that the partial differential 
equation (18) is nothing but a formal restatement of (IS). 
Thus P(& q) and @((t, q) are implicit functions of W. Of 
course, no approximations whatever are involved at this 
stage. 
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The problem effectively reduces then to finding 
suitable representations for the integrands in 
(20) and (21) admitting (approximate) evaluation 
of the integrals by analytical means. To this 
end, we use a series representation for f valid 
in a neighborhood of q = 0 ; corresponding 
representations for W(& q) and hence 4Y(r, q) 
are easily constructed as shown below. Because 
of the structure of the boundary-layer equation, 
this information together with procedures used 
in summing divergent series, [20], suffices for 
an approximate, yet quite accurate, evaluation 
of integrals typified by (21), [19]. We turn now 
to some details. 

The series representingf(q) in the neighbor- 
hood of the origin is that of Blasius, 

m 

f(tl) = c. ai 5 $f12pTi” 
“= 

11 375 
+za:r1’ , -‘iTiai:flll + . . . (22) 

where the coefficient a 2 s d2f(0)/dq2 is known. 
To arrive at a corresponding series representa- 
tion for W(<, q) valid near q = 0 with 4: effectively 
playing the role of a parameter, we set 

W(5, tt) = 
Oc W(5) 

c 
*‘1”> (23) 

a=0 . 

substitute (22) and (23) into (15) and read off 
the results by equating powers of q. The foilow- 
ing are the first few terms obtained in this way: 

W, = 0, W, = 2@ca, Wb, 

K = Sca2[4t(C(t)Wt)’ - C(t)Wtl, 

w, = 0, W, = 2&a3[8Sc(t Wb)’ 

- (1 + 6Sc) Wb], . . . (24) 

where W, = W, and ’ E d/d& Together, the 
boundary condition (16d)-WV(<, 0) = 
c(<)[ W(<, O)]“-and (23) imply now that 

[e-@ @(r, v’) dq’ and $ eescF @((r, q) dq. 

(28) 

w, = cte)CKJ”. (25) 

Since both a, and C(r) are given, the set {W.(O) 

Consider the latter. In view of the known be- 
havior of F, @, and their series representations, 
the dominant factor in the integrand is the 
exponential term. Accordingly, one is led to 

involves as unknowns W, and its derivatives. expect that a good approximation to the integral 

In fact, up to the seventh term only W, and 
W; occur. 

We take now 

Clearly, members of the required set {G.) are 
functionally dependent on {W.). A straight- 
forward way for determining the former is to 
use (19) and the available series (23). The equa- 
tion generating {#J is 

cQ @ = c. $l”. (26) 
n-o 

Expanding both sides and equating like powers 
of q yields the results: 

w, = ((()W,N, Qr, = w, = 0, 

w, = 2Qca, Wb, 

W, + W,Sca2 = 4&a2C~(5)Wt]‘, 

4@,Sca, + W, = 4Sca2W2 + W, = 0, 

(27) 

lOSca,W, + W, 

2&Scas[(4Sc - 1) Wb + 8Sc(~$W3’], . . . . 

In each term, the last equality follows from (24) 
and (25). 

It remains to discuss the procedure for evalu- 
ating the integrals entering (20) and (21), namely 
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may result if only the leading term in each series The improper integral (28) is rewritten as 
is retained, namely : follows : 
m eo 

emsd @dq + s -Sea, j 
exp - 

6 tl 
0 0 

cc 

I emScP @((5, q) dq = emscr S(& q(r)) 2 dr. (30) 

0 0 

x C(t) [w!?tOl” dtl = fV3) SC-* t6/a2)* 
x C(5) (W’ol)N * 

Because the series for F starts with $, the series 
w . relating q and r is of the form 

The bracketed superscript 0 is meant to 00 

imply that the last’expression together with (21) 
A 

tl =e 
c 

Lr+(m+ 1) 
m+l 9 

yields the corresponding zeroth approximation 
to W,,.. For example, when N = 1 we have : 

m-0 

([19], p. 53), valid for sufficiently small r. In 
turn, since q starts with r*, we set Iv!,“] = 

1 

1 + 3 r(i) (6/a,)* SC-* i6’ (29) 

Now, while (29) may indeed prove satisfactory 
for engineering purposes;t an immediate dilemna 
arises nonetheless. How are we to assess the 
accuracy of (29) in a self-consistent manner (not 
by direct comparison with other results) and 
how are we to obtain better, “higher order”, 
approximations? For example, including the 
next term in the F series leads nowhere-the 
integral does not exist. Apparently for these 
reasons, Meksyn improved his earlier work 
[21-231 and evaluated the integrals of the type 
(28) by what is virtually the method of steepest 
descent [24]. We shall follow his procedure 

and evaluate the coefficient set {d,,,> in terms of 
(0,). A somewhat lengthy proof shows that 
each coefficient d,,, equals one-third of the co- 
efficient of q”’ in the expansion of 

(CO + C,tj + C2?+ + Gsq2 + . . .)-*‘-+l) 

x (b, + blrl + b2q2 + bat+ + . . .) (32) 

where the sets {c.} and {b,} are the following : 

a2 
co =-, 3! Cl=C2= 0, 4 

cj = - - 
6!.’ 

in the text. An alternate viewpoint that perhaps 
is more direct is outlined in the footnote.§ 

cq = c5 = 0, c,=ga$ .c,=cg=O, 

* In essence, this exemplifies the motivating ideas for where z f a,$. Inverting this series, ([25], p. 16) gives 
the asymptotic method developed by MTksyn. 

t As indicated in the subsequent figures, the simple 3 
expression (29) gives more accurate results than those z=a112q3=6~+-~z 

13 1 

based on the local similarity approximation. 
10 -CizlT 

3+ -P + . . . . 
61600 

5 The difficulties just mentioned suggest the use of a so that 
new independent variable, 7 = F(q). Substituting t into the 
second integral (28) yields 

r+J=($l+-$-&-9r2 

Now integrating (22), we obtain 

r2 11 315 

E(u) 
z 7 = 3’; - c + F 2 - z z4 + . . , 

. . . . 

We may now express q’ in terms of 7 for each n. Multiplying 
each of these by @,,(<)/n! du/dr, (dq/dr obtained from above 
expression), and collecting the coefficients of similar powers 
of T yields finally the d,‘s given in the text. 
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375 
cg = --a:,... , 

12! 
b, = Q>,,, 

bl = Qi,, b, =$..., b, =.$f. 

We omit the algebra and state the results. + 
ito w:, dl =O, 

d2 = 2<ScWb, 

+f; 
0 

+ [4rSc(DG)’ + &X$], 
2 

d4 = 0, d, = 4&‘[3 w; + 2c Wb’], . 

(33) 

Once the set {d,,,} is established, integrals of the . . . . 
type (30) may be evaluated. The procedure is as 
follows : formally, from (21) and the r transforma- 
tion, we obtain 

1 - W, = m emsmT-* f dmrmf3 dr. 
d 

(34) 
m=O 

Now, the right-hand side of (34) is in fact an 
asymptotic development in terms of the Schmidt 
number with W, and its derivatives appearing 
as a set of parameters. For a fvted SC, we then 
treat the expansion of (34) as a divergent series 
and, using Euler’s transformation, construct 
a sequence of “sums” from the truncated 
expressions.* These “sums”, of course, are in 
general differential equations in W,. Our atten- 
tion will be confined to the first four “sums”, 
that is, those yielding lirst order equations for 
W, when m 2 2 and algebraic equations when 
m = 0 and 1. The differential equations are 
linear for N = 1 but nonlinear otherwise; 
the algebraic equations are of degree one only 
when N = 1. After combining (20) and (21), the 
same procedure may be used to calculate 

A. BOWLUS and R. A. MCGRAW 

boundary-layer profiles of W(& q). We turn 
now to examples. 

First order reactions 
Consider the case N = 1. It is convenient to 

use 

* Because well detined sums of the associated divergent 
series are evaluated by using only a small number of terms, 
we adopt the point of view of [26], namely: no particular 
result is accepted as valid unless subjected to further checks 
on internal consistency. For further details, the reader is 
referred to [26] and references quoted therein. A general 
discussion on divergent series together with a number of 
pertinent references may be found in Chapters 13 and 14 
of Knopp’s book [20]. 

as a new independent variable replacing r. 
The specific reaction rate k,(x) is assumed. to be 
of the form k, = (P~/cc,) k,x” where I+,, k,, 
are (constant) reference values and d remains 
to be specified ; moreover, E = 0. For flat plate 
or high speed wedge flows, i(5), given by (17), 
may also be written as 

X(w)) = .e;. (36) 

\ LL / 

Consider first the determination of* W, on 
the basis of (34) where the d=‘s are now functions 
of r obtained by a simple chain rule from 
(33) and (35). We construct a sequence of 
successive approximations to W, namely?: 

w’,“] = Wr,ol(d,), W’,‘] = 
W[,‘l(do, 41, 

w’,“] = Wr,?‘(d,, d,, d, ; E,), 

WV] = %%t,, 4,&d, ; Ed, 

W[,“] = W!%&,, d,, 4, d,, d,; E,. 2). 

This notation suggests that the “order of 
approximation” depends on the number of 
d’s taken ; the letter E means that the partial 
series is Euler summed and the associated 
subscripts indicate different types of Euler 
transformations used. In following the criteria 
of [26], WV1 tests for the effect of including an 
additional term under a given transformation; 
W[,l, apart from taking still another term, 
verifies that under two different Euler trans- 
formations the changes in W, are practically 

7 It is understood that IV!], i = I,. .4, and the members 
of the set cd,,,) are now appropriately transformed new 
functions; the notational changes are suppressed. 
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nil. Accordingly, either IV!,*] is accepted as the 
final result. In any case, the changes from 
w’,‘r to W’,*l are slight and already Wr,Ol, as 
shown in the graphs, provides us with better 
results than those based on numerical solutions 
employing the local similarity concept. 

Now, (34) clearly gives the general ‘result, 

K= l-&&+). (37) 

m=O 

Our sequence of approximations, based on 
equations obtained from (37); takes the form 

w[,ol = 1 - To = Wtj’, 

w,zl = 1 - [-To + &To + Tl) 

+ i(T, + 2T1 + T,)], 

W? = 1 - [+T, + &To + TJ 
+ &To + 2T, + T,) 

+ &To + 3T, + 3T, + T,)], 

W!,’ = 1 - [$T, + &To + T,) 
+ #(To + 2T, + T2) 

_ + &To + 3T, + 3T, + T3) 

+ &To + 4T, + 6T, + 4T, + T,)], 

w,” = 1 - [+T, + a(T, + TJ 
+ #To + 2T, + T,) 

+ &To + 3T, + 3T, + T3) 

+ &To + 4T, + 6T, + 4T, + T,)], 

W-4 

WW 

(38~) 

(38d) 

(38e) 

where we have compressed the notation in 
writing 

The differential equation determining WV1 is 
the following : 

dW’,Z] 192 + 168P wtzl = 192 

7+ 48(d+_t)z )y 48(d + f) 7’ (39) 

subject to the conditions W!fl(0) = 1. Closed 
form solutions are possible when d = (8 - n)/2n 
where n is any positive integer. For example, 
taking n = 1, 2,4 and 8 (d = $, 2, i, 0), we have 
the results : 

W$l=_j7 ‘(l-e*I), d=s; (4ON 

wr+: 4r 

[ c2 7 
- $1 - e-+I) , 1 

d=j; (4Ob) 

- e-&c) , 1 d = 3; ww 

-_ -es75 
8;:3(l 

) 9 1 d = 0. (4M) 

Otherwise, numerical solutions are apparently 
required, in spite of the fact that the differential 
equations are linear. 

The differential equations for w[,J1 and W:] 
[corresponding to (38c), (38d) and (38e)] may 
be written as follows: 

dWfl 192 + r(180 i- 8[(1/3OSc) + 2(d + #]} wrJl = 192 
7+ (d -t 3);L(120 + 16) w (d + 3)7&M + 16C)’ 

(4la) 

192 + 9{186 + 24[(1/3OSc) + 2b.i + f)]} w[41 = d Wj?' ~ 192 

dC (d t #) Z(l92) + 48?) w (d + f) C(192 + 485’ 
(4lb) 

dW;:l + 192 + r(183 + 16[U/3OSc) + z(d + f)]> wL41 = 192 

di’ (d +j)c’(156 + 32r) w (d + 3, r( 156 + 32r)’ 
(4lc) 
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These were integrated numerically subject to 1.0 
WC’(O) = ~~~0) = l.* Solutions of (4lb) and 
(41c), testing the influence of two different 

o,9 

Euler t~fo~ations, agreed generally to three 0.8 
decimal places. Typical results are presented in 
Figs. 1-4. Figure 1 gives a comparison of W[,“l 

e., 

with the “exact” results of Inger [6] for d = 0, O*s 
3, I and 3. The agreement is very good.? The , o-5 
dashed curve represents results based on the ’ 
local similarity approximation. The latter were O*’ 
taken from {6] and, to the accuracy presented 0.3 
herein, found to fail on a single curve for all 
the d’s considered. An enlarged version of ‘** 
Fig. 1 is given in Fig. 2 where several results 0. I 
due to Chung et al. are also included. The Iatter 
were carefully replotted from the graphs pre- 

0 
0 I 2 3 4 5 6 7 8 9 IO 

sented in [6]. The largest deviations occur r 
when d = ’ where the resu1ts Of Eg] appear FIG. 1. Influence of streamwise variation of reaction rates on 
generally closer to the d = + curve than to the 
d = 1 curve. Figures 3 and 4 indicate respectively 
the “best” and “poor~t”.convergence of the 
successive approximations to Ww. The former is 
obtained for d = 0 where already the second 
approximation is ~di~inguishable from w’,“l 
and @‘,“I for 3 c 2.25. The circles represent 
local similarity results. Figure 3 also shows the 
first and final iterates obtalned by Fox and 
Libby [13] with their perturbation method. 

I.0 

0.9 

0.8 

surface. atom concentration, N = 1. 

* A closer look at equations (41) and (39) shows that, 
while they have a perfectly well defined limiting behavior 
at {= 0, the equations arc nonethefess indeterminate. as 
they stand, with respect to d w$/d cat c =: 0, I = 2,3,4. The 
latter fact is important from the standpoint of numerical 
integration. Accordingly, to avoid loss of significant figures, 
we find values of W, from its power series expansion near 
e = 0, beginning the numericaI integration only with 5 
sut?icientfy large; but, because the power series itself 
possesses a small radius of convergence, 7 must still be 

0.6 

0.5 i --- 

smaI1 enough to assure good accuracy. Herein, the power 
series were generally applied up to i = 0.1. This procedure 
is easily checked for w21 whore closed form solutions are 
also available. It is worthwhile to note that if more d,‘s 
are used the indeterminacy becomes “more severe”. For 
exampte: including d,, d,, d, results in a second order 
differential equation that has a p” indeterminacy at T = 0 
for d’W$/dy, i > 2. 

i’ Inger required solutions of fifteen differential equations 
for the power series representation of W, in the range shown, 
roughly, 0 C ‘i < 2-3. Results for d = 3 based on a ten 
term representation diverged already at [ $ 1.1. 

Fro. 2. Influence of streamwise variation of reaction rates 
on surface atom concentration, N = 1. 

Their results are for SC = 1 (in contrast to 
ours and Inger’s taking SC = O-72) but, as the 
authors of [13] point out, the influence of the 
Schmidt number is not strong and therefore 
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o LOCAL SIMILARITY 

a FIRST. ITERATE. 
l FINAL. ITERATE. 

I 

0 I 2 3 4 5 6 7 0 s IO 

r 

FIG. 3. Influence of order of approximation on surface atom 
concentration, d = 0, N = 1. 

I *o 

INSER, (61, SEYIEYPIRICAL 

HSOER, IS], SEWEMPIRICAL 

MER , 161, SERIES 

0.2 

an easy consequence of (20), (21) and the r- 
transformation ; it is obviously identical to 
(34) when T = 0. In establishing the q-r cor- 
respondence we have made use of the available 
Blasius’ solution and the definition of 7. (Of 
course, it is always possible to use the series 
relationship between v and r as done for 
example by Meksyn [ 191.) The procedure now 
is somewhat different. The “zero” problem [(42) 
with 7 = 0] is solved, members of the set {d,} 
(up to d,) are known functions of W,(t), W,(c), 
d W,ld& d W,/dr and, therefore, it remains only 
to evaluate directly the integral in (42). In terms 
of 4 and following our notational convention 
(see footnote? on p. 970) we write 

0.1 

0 
0 I 2 3 4 6 6 7 8 9 IO 

r 

WE a) = 1 - [exp(-Scr)r-3 

x 2 d, +“I3 dr. 
m-0 

FIG. 4. Influence of order of approximation on surface atom 
d = 3, N = 

Consistently with (38), we apply now the Euler 
concentration, 1. transformation to the partial sum 

we regard the deviations as relatively large. 
It is interesting to note that in terms of C our 
xeroth approximation w’,Ol, roughly correspond- 
ing to the first iterate of r131. is in fact indenen- 

dent of the Schmidt number. This is obvious 
from (29) and (35). The poorest convergence is 
found for thehighest d, Fig. 4. This is as expected 
because w’,O1 is, as an analytical result, in- 
dependent of d but W,, for any given t, increases 
with increasing d. The circles and dots give the 
results of [6] based on semi-empirical ap- 
proaches. The triangles represent the “exact” 
series results. 

We sketch now the procedure for calculating 
the c-history of boundary-layer profiles of the 
atom mass fraction ratio W, choosing as an 
illustrative example the case d = 0. The starting 
point is the basic equation 

W(t,q) = 1 -7 eesnrm3 2 d,Pj3 dr,(42) 
z m=0 

m.odm ?I3 

that replaces the series in the integrand. A 
simnle comnutation corresnondina to (38L aives 
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the result 

W&V) = 1 -Wo 3 1 [ rc-3, 2) SC 
2 r(i) 

+T(?$r)fi+&)] 

+C 1-($, 
- SC 

r(j) 
t) 1 ’ . (43) 

T(m/n + 1, Sc7) = SIz e-* p""" dp. 

Graphs based on (43) are shown in Fig. 5. As 
expected, the largest changes in the concen- 
tration profiles occur at large value of c. The 
accuracy of the results is comparable to those of 
WtzJ when q < 1 but poorer when q > 1. The 
reason for this lies mainly in the structure of the 
Euler transformed series. If we allow the con- 
jecture that the same sort of estimates on 
internal consistency and accuracy of results 
apply here as before then the results for q > 1 
ought nonetheless be within 8 per cent of the 
corresponding numerical solutions obtained by 
direct integration of the partial differential 
equations. Such will be published in the near 
future. 

Reaction orders other than unity 
Herein we investigate the influence of various 

reaction orders on W, and the associated 
diffusive heat flux, &,,,. To better exhibit this 
influence we shall treat the same cases here as 
discussed previously under the assumption 
N = 1. But, because the solution technique is 
the same, only the main steps need be men- 
tioned and the results summarized. 

The discussion of the last subsection preceding 
equation (39) is equally applicable here. The 
notable consequence of taking N # 1 is that 
the differential equations determining WC!, i 3 2, 
are now nonlinear and the algebraic equation 
for W[,“’ is no longer of first degree. Thus W[,] 
is determined from 

1 - W[,“’ = ‘iwt’,“, (44) 
an easy conseouence of (37). Exolicit formulae 

0.60 

s 

ILn 

s 

0.40 

4 

FIG. 5. Typical boundary-layer profiles of atom concentra- 
ti0n.d =O,N = 1. 

0.9 / I 
I 

~ / I i I I 
0.7 

O-6 

i’ 0.5 

O-4 

0.3 

0.2 

0.1 

0 
0 I2 3 4 5 9 7 a 9 IO 

f 
FIG. 6. Influence of order of reaction on surface atom 

concentration. d = 0. 

for Wtl are obvious for N = 3 and 2. The 
differential equations determining Wt], W[,“l, 
and W!? are : 
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d WL2] 168r( Wf21)N 192( 1 - WV’) 

L+z(d+;)f =.48(d+f)f’ dl 

r(180 -L 8[(1/3OSc) + 2(d + +)I} (W:‘lN d Wr3’ _” I 192(1 - WV’) 

dC (d + i)p[120 + 16NC(Wt’)N-‘] = (d + f)r[l20 + 16Nr(W;1)N-‘] 

d WI41 9{186 + 24[(1/3OSc) + 2(d + +)I} (WE’)]>” _, 192(1 - Wr4’) 

d5 

I 
(d+ 3) CL192 + 48Nr(Wf’)N- ‘1 (d + i)r[192 + 48N:(Wc1)N-1]’ 

dW[,l @83 + 16[(1/3OSc) + 2(d + +)I> (W:l)N 192(1 
7+ 

- WI41) 

(d + &)f[156 + 32Nr(W?+‘)N-‘] (d + $)%[156 + 32N:(W1,41)N-1]’ 

975 

(45a) 

(45b) 

(45c) 

(45d) 

Equations (45a-d) correspond respectively to 
(39), (41a-c) and reduce to the latter when 
N = 1. Integrals of (45) were obtained nu- 
merically. Figure 6 shows WE1 in the range 
4 < N < 4 when d = 0. The triangles represent 
results due to Rosner, [ 111, who used an iterative, 
KA.rmAn-Pohlhausen type approach. The agree- 
ment is excellent. Figure 7 presents results 
similar to those of Fig. 6 but for ,d = 4. The 
largest increases in W, due to d are found for 
N = $, the smallest at N = 4. Qualitatively, 
the influence of d on W, is not very different 
from the case N = 1. In Fig. 8 we show various 
lower order approximations to W, for d = 0. 
It is noteworthy that for high values of N 
already the zeroth approximation is within 
5 per cent of WC]. The poorest convergence 
results at N = f but even there the values of 
Wrz, i = 2, 3,4 are practically identical. 

The last four figures summarize results on 
surface heat transfer due to diffusion. The total 
surface heat flux 4,,, = 4,.,,, + 4,, where 
the first term denotes the part due to conduction 
and the second represents the contribution 
due to diffusion. The latter may be expressed as 

where h, stands for the specific dissociation 
energy. Using (5) and the definition of W we 
obtain an alternate expression, 

0.6 

2 0.5 

o-4 

0.3 

0.2 

0.1 

0 

I -I 
/ . 
! \ 

I/z 
18, I I I I I , ,,:, 

0 I 2 3 4 5 6 7 8 9 IO 

FIG. 7. lnfhence of order of reaction on surface atom 
concentration, d = 3. 

The results, presented in the form 

are shown in Figs. 9-12 for four different 
reaction orders, each figure corresponding to 
a fmed catalytic efficiency parameter. This 
particular form of presentation was chosen 
to facilitate the comparison with the series 

B 
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results of [6] for first-order reactions. All of 
our results are based on W[w41. Generally, the 
agreement is quite good. We are unabie to 
account for the relatively large discrepancies 
found at low values of the independent variable 
when d = 1, Fig. 11. However, we wonder, in 
view of the excellent agreement for d = j and 3 

I.01 , , , , / , / , , , 

0 2.0 30 4.0 50 6.0 7.0 a.0 90 lo.0 

T 
FIG. 8. Influence of order of approximation on surface atom 

concentratkk, N = 1. 

I 

I i I I / 1 ~ I 

0 0.2 0.4 0.6 0.8 I.0 

p 

FIG. 9. Influence of reaction order on local diffusive heat 
flux, d = 0. 

(bracketing d = l), whether the computations 
of [6] might not be in error in this special case ; 
particularly, because Inger’s W, vs. [2’(2d+1) 
curve exhibits a peculiar irregularity. The slight 
deviations at the tail end of the curves may be 
due to an insufficient number of terms taken 
in [6], particularly for d = 3 where the series 
used in [6] shows the poorest convergence. 

01 ’ ’ ’ ’ ’ ! I 

0 0.2 0.4 OS 08 I.0 

ph 

FIG. 10. Influence of reaction order on local diffusive heat 
flux, d = 1. 

. 
&&,N. I, [Sj 

0 I I I i 1 1 / I , 

0.2 a4 0s 0.e l.0 

pb 

FIG. 11. Influence of reaction order on local diffusive heat 
flux, d = 1. 
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5* 
FIG. 12. lnflucnce of reaction order on local diNusive heat 

flux. d = 3. 

In closirlg, we note that the largest relative 
changes due to reaction order iV occur in the 
region f G N < 1. 

1. 

2. 

3. 

4. 

5. 

6. 
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R&rank -Get article Waite des dcoulements de couche iimite laminaire d’un gax dissociC le long de 
surfaces catalytiques, en attachant une attention plus particuli&re aux cas darts lesquels les vitesses de 
reaction superficiefle varient comma des puissances de la coordonnic: longitudinale et les ordres de reaction 
sont diff&ents de I’unith I..e gax darts la couche limite est reprksentk par un melange binaire lige chimique- 
ment d’atomes et de molecules et I’on emploie les hypothke simplificatrices habituelles qui s’appliquent 
aux couches limiter hypersoniques Des intQrales approchets de I’kquation de la diffusion sont obtenues 
analytiquement a l’aide de la methode asymptotique. On monk ici que cette methode se compare trb 
favorablement avec d’autres, du point de vue a la fois de la simplicite de I’application et de la precision 
des r&hats. En contraste avec d’autres mtthodes, elle donne une unite d&tie de traitement. et il y a peu de 
difticulte supplCmentaire pour traiter d’autres reactions que celle du premier ordre ou pour obtenir des 
protils de couche limite. Les distributions superticielles d’atomes et de transport de chaieur sont exposkes 

graphiquement et compakes avec des rbultats theoriques pub&s. 

--Dieseer Aufsatz behandelt die laminate Grenzschichtstromung eines dissoziierten 
Gases tiber katalytische ObertHchen, wobei besondere Aufmerksamkeit auf solche F&Be gerichtet ist, in 
welchen sich ObertHchenmaktionsgeachwindigkeiten nach Potenzen der Str6mungskoordinaten tidern, 
und sich die Reaktionsordntmgen von Eii unterscheiden. Das Gas in der Grenzschicht wird dargesteilt 
durch ein chemisch eingefrorenes Zweikomponentengemisch aus Atomen und Molekiilen, und es werden 
die gewiihnhchen vereinfachenden Annahmen fTir hypenonische Grenmchichtstr6mungen gemacht. 
NHherungsweise Integrationen der DitYusiottsgleichung wurden analytisch mit Hilfe der Asymptoten- 
Methode erhalten. Dabei enveist sich diese Methode aIs sehr giinstig im Vergleich zu anderen, sowohl in 
Hinsicht auf die Einfachheit der Anwendung, als such im Hinblick auf die Genauigkeit der Ergebnisse. 
Im Gegenaatz zu anderen NBherungen I3hrt diem Methode zu einer in sich geschlossenen Einheit der 
N&herung, wobei man auf kleine zu&zliche Schwierigkeiten stiisst bei der Behandlung von anderen 
Reaktionsordnungen ais Eins oder bei der Berechnung der Grenzschichtprofile. Die Verteihtngen der 
Atome auf die Oberllftche und der Wiirmetibergang wurden graph&h dargestellt und mit vereffentlichten 

theoretischen Ergebnissen verglichen. 

Atieo~qna-B AaHHOt CTaTbe PaCCMaTpUBatOTCR .TaMUHapHbte ItOrpaHUWbte CJIOU AUC- 
COnUUpOBaHHOrO r3.3a Ha KaTaJUtTUUeCKMX nOBepXHOCTUX, IIpU’teM oco6oe BHUMaHU‘2 )'JiesW- 

IlOCb CJlj"4aRM, KOt’Aa CKOPOCTM peaKnUll Ha IlOBepXHOCTU U3MeHFtJIUCb KaK CTeneHU 

npOAOJlbHOti KOOpAUHaTbl II UOpUAOK PeaKnUU OTJUt’laeTCK OT eAUHUt&I. f-k3 B ttOrpaHU4HOM 
CJIO3 npeACTaBJIUeT co6oi-l XUMUqeCKM 3aMOpOHieHHyIO 6HHapHyIO CMeCb aTOMOB U MOZleKyJf. 
kICnOJIb3ytOTCn 06bt’tHbIe ynpOmatOmU3 AOnymeHUU, npUMeHUMbIe K l’UlWp3ByKOBbXM no- 
rpaiiwqttnac C~ORM. C noMo~bi0 acUMnToTUqecww0 hteToAa arfanuTnqecKt3 nonysesbr npri- 
6nUHteHHbte UHTerpWIht yPaBH3HUR AU$49’3UU. f-f0 Cp3BHCHUtO C ApyrUKU OAUe~MU 3TOT 
M3TOA TO’IHee U npOme B ynoTpe6neUUU. f-f0 CpaBHeHUtO C AP)'lWMU nOAXO;[aMU B ABHHOM 
CJIy’tae AO6aBJIXleTCK He6OJtbmaR TpyAHOCTb ItpU p3CCUOTpeHUU peaKnUt% C nOpKAKOM He 
panHo* eAriHune Unu npu nonysewiu npo(mneU norpaHUqHor0 cnofl. nOBepXHOCTHlde 
pacnpeAeneHuK aTOM U Tennoo6MeH noKa3aHbI rpai$wtecKu U CpaBHeHbt C Ony6JIUKOBaH- 

HbtMU TeOpt?TUW?CKUMU pe3yJIbTaTaMU. 


